Abstract Eight models for the coherence of the quasi-monochromatic light from spherical incoherent sources are constructed by placing incoherent monopole and dipole sources on the surface of a sphere, inside a ball and on a plane circular disk. All models allow relatively simple numerical calculations of coherence functions for arbitrary source sizes and positions of observation points. We show that the far-field regime for transverse coherence is formed at the distances larger than the source size, regardless of the wavelength. Wide angle far field coherences have simple analytical representations in terms of the spherical and cylindrical Bessel functions. For very large sources the main and few first lobes of coherence function is well represented by paraxial approximation, which reduces the number of models to three. Based on the solar images corresponding to these three models the ball model emerges as the most appropriate. Ball model can be modified to match the limb darkening observations.
Introduction
Coherence of light from extended incoherent source was discussed in the classical text [1] . Born and Wolf used the van Cittert-Zernike theorem (VZT) to derive an analytical expression for the degree of coherence of radiation from incoherent monopole sources uniformly distributed on a disk, which we will replicate in Section 4, Eq. (58). Based on this model they estimated the size of coherence area at 88% coherence level for the Sun light observed on Earth as approximately  34 , where  is radiation wavelength.
Several recent papers discussed coherence properties of light field created by incoherent spherical source, in application to the sunlight.
In [2] boundary condition in the form of delta-correlated field at the spherical surface was used. The coherence function (cross-spectral density) outside the sphere was represented in the form of infinite series in terms of spherical Hankel functions and Legendre polynomials. Authors argued that series can be truncated at about ka terms, where
is wavenumber, and a is the sphere radius. Based on numerical calculations for 100  ka , authors concluded that the far-field for the transverse Degree of Coherence (DOC) is formed at a distance of several  from the surface, and the shape of the far-field DOC is similar to the monopoles on the disc model, [1] and Eq. (58) here. Authors also stated that the series technique is inadequate for the sunlight coherence calculations due to the very large number of terms needed.
In [3] the same spherical-harmonics based approach was used for the partially coherent fields at a sphere, as was proposed in [4] . Additional, ad hoc, approximation replaced the infinite series summation by integration. For the delta-correlated boundary condition on DOC this led to the far-field paraxial DOC, Eq. (43), corresponding here to the incoherent monopole and isotropic dipole sources in the ball, and isotropic dipole sources on a sphere. The case of the black body boundary condition, resulted in the far-field paraxial DOC, Eq. (59), corresponding to the incoherent sources at a disk. Once again, authors limited their examples by the 100  ka case and did not present results for the sunlight case where 16 10 ka . In [5, 6] solar the VZT-based DOC calculations were extended to the broadband radiation by spectral integration of the far-field flat disk quasi-monochromatic DOC, Eq. (59) weighted by solar spectrum. In [7] the VZT calculations of the solar DOC included the limb darkening [8] , and showed measurable differences vs the uniform disk model. The authors also accounted for the scattered sunlight by adding a diffuse component with black-body DOC. The interferometric measurements of the sunlight DOC in [7, 9] are in a reasonable agreement with the VZT estimates.
In [10] the far-field DOC of electromagnetic field created by quasi-homogeneous isotropic random currents was considered. For the Gaussian source it was found that the coherence angle in the far-field is inverse proportional to ka and DOC has approximately Gaussian shape. In [11] the spherical harmonics expansion was used to calculate the coherence of the electromagnetic field created by delta-correlate source currents at the sphere. Electromagnetic DOC for a wide range of source sizes, 500 1 . 0   ka was considered based on numerical summation of the harmonic series. Again, it was observed that it is necessary to sum about ka number of terms to calculate the far field DOC. It was also noted that the far-field DOC is a universal function of a certain parameter depending on the angular separation and ka . Also, while not explicitly stated, the author's comments suggests that the far-field is formed at the distances of several wave lengths from the surface.
In the recent paper [12] , small-angle approximation, which replaced the Legendre polynomials by Bessel functions, was used in the spherical harmonics series of [2] . Authors state that their approximation is uniform in series terms numbers, and, similar to [3] , replace the infinite summation by integration to arrive at the far-field paraxial DOC for the incoherent disk, Eq. (59). Without sufficient explanations, the far-field behavior of the DOC, quoted to form at distance of several  from the source, [2] , is related to the small angle subtended by the observation points separation. As we show in section 5, far field for DOC is formed at distances a R  both for the wide angle and paraxial cases.
The paper is organized as follows. In Section 2 we discuss coherence of the fields created by incoherent monopole and dipole sources at the spherical surface. Section 3 considers incoherent monopole and dipole sources distributed in the spherical ball. Section 4 considers incoherent monopole and dipole sources distributed at the plane disc. Section 5 discusses the far field conditions for incoherent sources. In Section 6 we discuss DOC models in the paraxial approximation, present calculations for coherence of solar light, and analyze Sun images corresponding to different models in relation to the limb darkening effect.
Spherical sources
Complex amplitude of scalar monochromatic field
where free-space Green's function
is solution for a monopole source at coordinate origin
and   2  k is the wavenumber.
Field of a unit dipole with axis direction p , corresponds to    
, and is
In one special case the free-space Green's function allows to solve a boundary-value problem for Helmholtz equation. Specifically, if field is known at the plane 0
, and all the sources are located in the half-space 0  z , Green's integral identity leads to representation of the field in the half-space 0  z , in terms of the boundary values of the field
In this section we analyze coherence of the field created by incoherent sources distributed on the surface of a sphere with radius a.
Monopole sources
Here we consider monopole sources located at the surface of a sphere with radius a . Field at the point R outside the sphere can be presented as
where   S m R is complex amplitude of the source at the point S R Coherence function of this field is
For a simple case of incoherent sources distribution
where   S M R is the source surface power density and   SPH  is delta-function on a sphere. In the spherical coordinate representation
and the two-point coherence function of the field created by a uniform,
Wave irradiance is
Irradiance is quasi static, that is bears no dependence on the wave number, and diverges for a R   , which is a result of delta-correlated source model. For 
and total power flux through any surface surrounding 0  R is constant.
In the case of transverse coherence function without a loss of generality we can set
where  is the angle between the vectors 1 R and 2
R , and
DOC is presented as a two-fold integral 
Clearly, DOC is a function of two dimensionless parameters, say ka and a R , and angular separation  . For finite values of parameters DOC can be readily calculated numerically using Eq. (16). Fig. 1 presents examples of DOC calculated by numeric integration of Eq. (16). 
Dashed curves in As should be expected for a far-field solution, DOC depends on the angular measure of the point separation only. The crucial question remaining is the validity domain of the far-field DOC, Eq. (19). This issue will be discussed in Section 5.
Normal dipoles
Here we consider dipole sources located at the surface of a sphere with radius a . Dipole axis is assumed to be normal to the surface. Field at the point R outside the sphere can be presented as 
and using transformation similar to the monopole case we can present coherence function of the field as 
and calculate the irradiance 
Unlike the monopole case, Eq. (13), irradiance is characterized by two components. First, quasi-static component, is frequency-independent and decreases as 4 1 R . The second, "wave" term, is proportional to   
and total power flux through any surface enclosing the source is constant. Transverse DOC for normal-oriented dipoles is Figure 4 shows examples of DOC for several values of ka . In contrast to the monopole case, coherence vanishes for equatorially spaced points for 1  ka . However, the width of the main lobe of coherence function decreases in inverse proportion to ka similar to the monopole case.
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Isotropic dipoles
Here we consider randomly oriented dipole sources on a sphere. Field at the point R outside the sphere can be presented as
Here   S I d R is random complex amplitude, and
is a random orientation of dipole momentum at the point S R . Assuming uniform distribution of incoherent complex amplitudes on the surface, similar to Eq. (22), and independent isotropic distribution of orientations, we calculate coherence function as 
Irradiance can be calculated from Eq. (31) for 
For a R  Eq. (32) reduces to Eq. (25) for normal dipoles. Similar to the normal dipole case, Eq. (25), irradiance is characterized by two components: quasi-static and "wave" terms. Transverse DOC for normal dipoles is
(33) Figure 7 shows examples of DOCs for several values of ka . Similar to the two previous cases, the width of the main lobe of coherence function decreases in inverse proportion to ka . 
Ball source
In this section we analyze coherence of the field created by incoherent sources distributed inside the ball with radius a. Only monopole and randomly oriented dipoles are considered. Obvious generalization of the normal surface dipoles of the previous section would be radially oriented dipoles in a ball. However uniform dipole strength throughout the ball, would cause a singularity at the ball center, and it would be necessary to introduce radial dependence   we decided to not include the radial dipoles here.
Monopole sources
For monopole sources filling the ball with radius a field at the point R outside the sphere can be presented as
where   P m is complex amplitude of the source at the point P . Similar to the previous section we consider a of uniform distribution of incoherent sources inside the ball, when
Using the spherical coordinate, transverse coherence function for uniform sources density can be presented as
where we used a shorthand notation 
(39)
and Eq. (37) by using expansions similar to Eq. (18) and the far-field DOC with the help of Eq. (6.567.13) of [14] simplifies to 
Isotropic dipoles
Here we consider randomly oriented dipole sources inside a ball with radius a . Field at the point R outside the sphere can be presented as
is random complex amplitude, and
is a random orientation of dipole momentum at the point P inside the ball. Assuming uniform distribution of incoherent complex amplitudes in the ball, similar to Eq. (43), and independent isotropic distribution of orientations, we calculate coherence function as 
Irradiance can be calculated from Eq. (43) for 
Plane disk
In this section we analyze coherence of the field created by incoherent sources distributed on a disc. This source type is commonly used in the literature to model coherence of solar light [1, 2, 3, 5, and 7] . Intuitively, it is less realistic than the spherical and ball models discussed in the previous section, but it is instructive to compare these three classes of models. 
Monopole sources
Here we consider monopole sources located at a disk with radius a at the plane 0  z . Field at the point R outside the disk can be presented as
where   S m R is complex amplitude of the source at the point S R . It is easy to show that
is an even function of z , and surface values of the field are non-locally related to the sources distribution as . In contrast, normal derivative of the field is an odd discontinuous function of z , and is locally related to the monopoles distribution This suggests that the incoherent monopole sources distribution would not create a deltacorrelated field in the source plane. For the uniform distribution of incoherent sources
the two-point coherence function of the field is presented, as an integral over the circle
In general, this coherence function is neither isotropic, nor homogeneous. Here, keeping in mind application to the solar light coherence, we are only interested in the case when points 2 , 1 R are symmetrical relative to the axis 0  z , and can be prescribed by Eq. (15). In this case
, and axial wave irradiance is
(52)
And axial transverse DOC is
where we used a shorthand notation   
and DOC, Eq. (53) simplifies to
which is just a classic DOC of [1] . Dashed curves in Fig. 15 
Normal dipole sources
Here we consider dipole sources located at the circle with radius a . Dipole axis is assumed to be normal to the surface. Field at the point R outside the sphere can be presented as
R is complex amplitude of dipole at the point S R . In this case the surface field is locally related to the complex amplitude of dipole sources, namely
Hence delta-correlated normal dipole sources create delta-correlated fields at both sides of the circle, and this model should match the widely used [2, 3, 7] incoherent field model. Assuming uniform distribution of incoherent sources on the surface, 
This coherence function is neither isotropic, nor homogeneous. As in the monopole case, we consider symmetric relative to the axis 0 
and similar to the spherical dipole sources irradiance consists of static and "wave" components. Axial transverse DOC is 
Isotropic dipole sources
Here we consider randomly oriented dipole sources on a circle. Field at the point R outside the sphere can be presented as
is a random orientation of dipole momentum at the point S R . In this case the surface field is locally related to the normally oriented dipole sources, namely
where
is the local elevation angle for dipole momentum. Again, delta-correlated randomly oriented dipole sources create delta-correlated fields at both sides of the circle, and this model should match incoherent field model [2, 3, and 7] . 
This coherence function is neither isotropic, nor homogeneous. Similar to the previous cases, further we consider symmetric relative to the axis 0
where   
Far field for incoherent sources
Here we examine the validity domain of the far-field approximation based on the case of monopoles on a sphere. Formally, as follows from Eq. (18), the asymptote represented by Eq. (19), is valid under conditions a R and 2 ka R  . The later condition is the same as the far-field condition for a coherent source of size a . However, these constraints are not supported by calculation results. In Fig. 1 typically has the maximum values at the slope of the main lobe of DOC, and we use these maximum differences as an estimate of the global error caused by the far-field approximation. There are claims in the literature, [2, 12] that the far field for incoherent sources is formed at the distance of several wavelengths from the source. These claims are based on the visual impression given by the charts similar to Fig. 1, 4 , 7, but not on any analytical or numerical examinations. This contradicts our conclusion that far field is formed at the distances larger than the source size. Finally, we conclude that the for an incoherent spherical source far-field coherence function is formed at the distances larger than the source radius independently of the wave length, and DOC has the form of Eq. (19). This conclusion also stands for the other source types considered here, as supported by the calculation data presented in Fig 1, 4 , and 7. This is in contrast to the coherent sources case when far-field is formed when 2 ka R  , or partially coherent case with finite coherence radius a r C  , where the far-field condition is C kar R  [13] . In the far-field irradiance is proportional to the inverse square of distance,   2   R R I
, and transverse DOC of the field depends only on the angular separation of the observation points and is independent of the distance. 
Discussion

Three paraxial models
In the previous sections we used three sources configurations and three types of incoherent sources to introduce eight models for coherence of light waves. All models allow calculation of two-points coherence functions for any source sizes and arbitrary points positions by numeric integration of simple 2-D or 3-D integrals. It was found numerically, and confirmed analytically that the far-field for all types of sources considered is formed at the distances larger than the source size, a R  . For simple, single-scale source models considered here, a single dimensionless parameter for all far-field DOC is ka , and It is clear, that for 10  ka eight curves, at least for the central part of the DOC, merge into just three bundles, corresponding to  monopoles and isotropic dipoles at a sphere,  monopoles and isotropic dipoles in a ball and normal dipoles at a sphere,  all types of sources on a disk, These three main models can be represented by incoherent monopoles on a sphere, in a ball and on the disk, and are described by paraxial approximations, Eq. (20, 29, 63) that are valid for a R 5  1  ka , and 1   ka .
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